Relating sedimentary records to seismic data is a major challenge. By shifting focus to a scale-invariant sharpness characterization for the reflectors, we develop an attribute that can capture and categorize the main reflector features, without being sensitive to amplitudes. Sharpness is defined by a scale exponent, which expresses singularity order and determines the reflection signature/waveform. Local scale exponent estimates are obtained with a new monoscale method. Compared to multiscale wavelet analysis, our method has the advantage of measuring transition exponents at a single fixed scale using a simple on-off criterion. The exponents contain amplitude variation information and describe lithological onsets. We create an image of the earth's local singularity structure by applying our method to seismic traces and well-log data. The singularity map facilitates interpretation, facies characterization, and integration of well and seismic data on the level of local texture. 
Introduction
Seismic reflections describe regions where the earth's properties vary significantly on the length scale of seismic waves. Mathematically, these regions are represented by zero or first-order transitions, which are singular in their derivatives. Multifractal analysis on well-log and seismic data [Muller et al., 1992; Saucier et al., 1997; Herrmann, 1997 Herrmann, , 1998 Marsan and Bean, 1999] demonstrates that variations in the sedimentary upper crust consist of intertwined fractal sets of singularities, implying the following. First, seismic wavefields inherit the global singularity structure of the earth [Herrmann, 1998 ], albeit in a bandwidth-limited fashion.
Second, traditional transition models are restrictive and must be generalized to allow fractional order singularities. Third, the multifractality suggests an accumulation of the singularities.
The effectiveness of multifractals in seismic imaging is limited because local characteristics of the singularity structure are lost. This loss makes sedimentary transition characterization based on local scaling impossible. Recent results by Holschneider [1995] ; Mallat [1997] ; Alexandrescu et al. [1995] ; Herrmann [1997, 1998 ]; Dessing [1997] ; Struzik [1999] and Struzik [2000] show that local Hölder exponents can be estimated from the localized decay/growth rate of the wavelet coefficients, along the wavelet transform modulus maxima lines. These Hölder exponents, or scale exponents, estimate the order of magnitudes of the scaling in sedimentary records and reflectivity variations.
Because seismic waves are bandwidth-limited, the "multifractal" earth is effectively observed at the scale of one "wavelet" only. Both the bandwidth limitation and accumulation (the mutual interference of the singularities) make it difficult to estimate exponents locally.
Dessing [1997] proposes a method based on the instantaneous phase [Payton, 1977] , while Struzik [1999 Struzik [ , 2000 addresses the interference issue by constraining the slopes during the estimation of local coarse-grained Hölder exponents. Our method differs because it computes the local scale exponents at the fixed scale of the seismic wavelet using the (on-off) property that the ¬ Ø derivative of a degree « differentiable function diverges when ¬ « [Zähle, 1996] . This property manifests itself in the emergence of local maxima for the modulus of a smoothed observation at the location of the transitions.
Besides strict locality, additional advantages of the method are the geological interpretation of the exponents, their scale-invariance, and their insensitivity to the seismic wavelet and reconstruction capability Stark, 1999, 2000; Herrmann, 2001] . More importantly, the sharpness characterization quantifies a seismic stratigraphical description of the reflected waveforms depending on the depositional environments. Classical seismic stratigraphical models [Payton, 1977; Harms and Tackenberg, 1972; Verhelst, 2000] , based on aggregates of multiple subwavelength zero-and/or first-order transitions, are simplified by fractional order transitions. This sharpness characterization eliminates the necessity to explain the observed waveforms via a superposition of multiple reflectors.
We demonstrate the applied techniques by introducing a generalized transition model and an analyzing method for transition sharpness from seismic data. We discuss the relevance of the sharpness characterization to seismic facies and apply the proposed method to the Mobil AVO data set [Keys and Foster, 1998 ], with emphasis on integration of well and seismic data and facies characterization. We hope to establish this integration with exponents rather than with pointwise values for reflection amplitudes and medium variations.
Basic concepts and methodology
Seismic reflectors are generally represented by either zero-order jump discontinuities or first-order ramp functions. Multiscale analysis by the wavelet transform, applied to well and seismic data [Herrmann, 1997; Dessing, 1997; Herrmann, 1998 ], show that these representations are too restrictive for the wide variety of transitions found in the data. We introduce fractional order transitions as a general representation for the major reflectors. The order of the transitions depends on the amplitude variations only and characterizes sharpness in a scale-invariant manner.
A monoscale analysis is introduced to measure the sharpness from seismic data. Maps of the singularity structure of the sedimentary upper crust are applied to the integration of well and seismic data and the interpretation of facies transitions.
Generalized transitions
Transitions of varying order are defined by causal (left-right), anti-causal (right-left) and sign-flipped onset functions [Holschneider, 1995; Dessing, 1997; Herrmann, 1997 Herrmann, , 1998 ] are used to indicate the direction and order (colorbar). As the order « increases, the sharpness decreases and the color changes from blue to red.
Monoscale sharpness analysis
Multiscale wavelet transforms are normally used to characterize the order of transitions [Holschneider, 1995; Mallat, 1997; Herrmann, 1997 Herrmann, , 1998 Struzik, 2000] . These characterizations are based on asymptotic growth/decay rates of wavelet coefficients along the transform's extrema and as a function of the scale. The transform itself is defined by convolutions with a multitude of (Ricker) wavelets with decreasing scale (increasing central frequency). Compared to analyzing reflection magnitudes, estimating the exponents has the advantage of being less prone to measurement, model, and calibration errors. However, seismic data have the disadvantage of being bandwidth-limited, restricting the available scale range for the analysis.
To leading order, imaged seismic reflectivity can be written as
is the time-parametrized acoustic impedance and ³ × the -order/×-scale parametrized wavelet. This wavelet is defined as the th -derivative (e.g. ¾ for a Ricker wavelet) of a (Gaussian) smoothing function at seismic scale ×, i.e. ³ × × Ø × with ¾ Ê · .
By extending the standard continuous wavelet transform [Holschneider, 1995; Mallat, 1997] 
The degree of fractional integration needed to remove the extrema provides a relative measure for the combined action of the reflectivity (½), the wavelet () and the generalized transitions «´Øµ. The estimator provides an on-off criterion with which we can find locations and relative orders of lithological boundaries. Due to the non-linear nature of the estimator, no precise 8 results exist on bias, confidence limits and the effects of noise. However, tests on synthetic reflectivity have shown good results [Herrmann, 2001] . Finally, knowledge of the seismic wavelet's order () can be used to calibrate the estimate.
Facies transition categorization
Following Harms and Tackenberg [1972] we propose two simplified models for lithologic boundaries. The boundaries are related to the contrast in the sand/mud ratio. As the sand content increases so does the velocity. The two facies types under consideration are (1) coarsening upwards, where the contact is a transition from fine-grained sediments below to coarser sediments above, see Fig. 1 (top); and (2) fining upwards, where the contact is a transition from coarse-grained sediments below to finer sediments above, see Fig. 1 
(bottom).
Onsets defined in Eq. 1 provide a model for these two types of transition zones. Setting the sharpness to a negative value ½ « ¼, asymmetric profiles are generated with varying sharpness and with characteristics similar to the nearshore regressive and marine transgressive facies.
Data and results
The monoscale analysis method is applied to SEG's Mobil AVO data set [Keys and Foster, 1998 ], which contain well-logs and seismic data. Two areas of the time-migrated section are examined. The first (Fig. 2) covers a relatively large area, whereas the second ( (Fig 2) . While the seismic amplitudes vary significantly along this unconformity, the estimated scale exponents remain relatively constant along the major part of the horizon. Even though the quality of the migrated data varies, the attribute is able to delineate the stratigraphy because the method assigns only one attribute per lithologic boundary.
After correction for the wavelet (see below for detail), the exponent equals approximately The second part of the analysis focuses on an area directly surrounding Well B.
The sediment packages in this area consist of the Maastrichtian/Paleocene (M/P) and Paleocene/Ecocene (P/E) transitions [Lovell, 1984] , which are both coarsening upward sequences that resemble the onsets as illustrated in Fig. 1 . At both transitions, the sediment grain size increases up section to a maximum and then (relatively) rapidly decreases. However, the two horizons may be differentiated by the rate at which the maximum grain size is reached.
Assuming the min/max grain sizes are roughly equal in each coarsening upwards cycle, the M/P rate of coarsening would be less than that of the P/E onset.
To confirm the above interpretation, the migrated data of Fig. 3 are analyzed by the monoscale analysis method. For reference the well is tied to the seismic data. Integrating the well and seismic data involves reflectivity modeling and wavelet estimation. The wavelet is estimated with a parametric inversion technique, minimizing differences between the modeled reflectivity and the neighboring migration amplitudes. The best fit corresponds to a wavelet order of ½ ¾¾ yielding a parametrized wavelet close to the airgun's recorded source pulse [Keys and Foster, 1998 ].
As can be seen from the grey-scale plot in Fig. 3 , there are still, despite detailed knowledge of both the well and seismic wavelet, significant differences between the modeled (middle of the section in Fig. 3 ) and measured amplitude values. These differences are very common and make it difficult to relate well data to seismic reflectivity on the level of amplitudes values. Therefore, we consider the scale attribute analysis as depicted by the color-coded dots in Fig. 3 as an alternative to the reflection amplitudes. The colored dots represent the location and sharpness of the reflection events. Agreement between results for the reflectivity from the well and the surrounding migrated data are superior to that of the amplitudes (grey-scale). At a significant number of time horizons there is lateral consistency (in location and singularity order), since the attribute does not depend on the amplitude (only on the variations). Because, the well data are, using Eq. 2 with ½ ¾¾ and × set to their parametric estimates, directly converted into the synthetic reflectivity, we are able to compare the coarse grained Hölder exponents obtained from the well to those derived from the imaged seismic reflectivity.
In addition, singularity orders can be used to interpret lithology changes. For example, at Ø ¾ ¼ × the method identifies a very sharp transition. Lithologically, this could be described as a thin sand layer within finer grained sediments. This finding is consistent with the lithologic interpretation of Lovell [1984] . A second example, the singularity at Ø ½ ×, suggests a smoother lithologic transition. In the data this transition is interpreted as the top of the Paleocene sediments, which coarsen upwards. This coarsening is more gradual then the blocky sand, making the singularity analysis consistent with well-constrained lithology [Lovell, 1984] . The observed consistencies demonstrate the usefullness of the quantification of lithologic transitions by singularity order. [Keys and Foster, 1998 ]. Normalized seismic amplitudes in grey-scale and sharpness attribute in color-coded dots (blue and red again refer to sharp and less sharp). Both the position and order of the reflectors are recovered. The singularity structure aligns perfectly with the migration amplitudes variations. Lateral consistency along the reflectors is improved, e.g. along the onset of the lower Cretaceous (starts at Ø ¾ × (left) and ends at Ø ¾ ¼ ×). should not be emphasized since they either correspond to very smooth transitions or to artifacts. Finally, note that the 'M'-shaped unconformity should be located at a late time, as indicated by the check shots [Keys and Foster, 1998 ].
Conclusions

